UNIT-111 STOCHASTIC PROCESS-TEMPORAL CHARACTERISTICS

UNIT-III
STOCHASTIC PROCESS-TEMPORAL CHARACTERISTICS

INTRODUCTION

A random process is an ensemble of (collection) number of time varying functions.
Further it is nothing but a random variable with time added.

A random variable is a real valued function that assigns numerical values to the
outcomes of physical experiment. If time is added to a random variable then it is
called random process.

Random processes are used to describe the time varying nature of random variable.
They describe the statistical behavior of various real time signals like speech,
noise, atmosphere, etc...

Random processes are denoted by X(t,s) or X(t). If time is fixed i.e; if any
specific time instant is taken then random process becomes random variable.

Ensemble of Sample Functions

The set of all possible functions is called the
ENSEMBLE.
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Random Processes - ——+

» A general Random or Stochastic
Process can be described as:

— Collection of time functions 2 i
(signals) corresponding to various _
outcomes of random experiments. 7 N

— Collection of random variables
observed at different times.

o ——— -

» Examples of random processes
in communications:
— Channel noise,
— Information generated by a source,
— Interference. 4 V[
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CLASSIFICATION OF RANDOM PROCESS

Based on the characteristics sample space of a random variable and time t random
process are classified as

v Continuous Random Process
v" Discrete Random Process

v" Continuous Random Sequence
v" Discrete Random Sequence

Continuous Random Process

A random process is said to be continuous, if random variable X and time t are
continuous. It means that they can take any value
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Discrete Random Process

A random process is said to be discrete, if random variable X is discrete and time t
IS continuous.
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I

Continuous Random Sequence

A random sequence is said to be continuous, if random variable X is continuous
and time tis discrete.
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Discrete Random Sequence

A random sequence is said to be discrete, if random variable X and time t is
discrete.
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DETERMINISTIC RANDOM PROCESSES & NON DETERMINSTIC PROCESSES
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A random process is said to be deterministic if its future values can be predicted
from observed past values.

Ex: X(t) = A Cos(wot + 0)

A random process is said to be non-deterministic if its future values cannot
predicted from observed past values.

Ex: Random noise signal
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Y FUNCTIONS OF RANDOM PROCESS

DISTRIBUTION AND DENSI

It is known that a random process becomes a random variable at specific time
instant. Hence all the statistical properties of random variables are applicable to
random processes. Based on the number of random variables various distribution
and density functions are defined.

First order Distribution and Density Function

The first order distribution function of a random process is defined as
Fy(x1;t1) = P{X(t1) < x4}

Similarly the first order density function of random process is

dFy(xy;t;)
dx,

fx (x5 ty) =
Second order Distribution and Density Function

For two random variables at time instant t,and t, X(t;) = X; and X(t,) = X, ,
the second order distribution (joint distribution) function of a random process is
defined as

FX(Xszi t1, tz) = P{X(t1) < x1; X(t;) < x,}
The second order probability density function of random process is

azFx(xl'xZ,' tl' tz)
dx, 0x,

fX(x1,x2§ t1, tz) =

n'™ order Distribution and Density Function
In general for N random variables n™ order joint distribution function is

FX(XLXZ ...... xn; tl' tz ...... tn) - P{X(tl) S xl,X(tz) S xz ...... X(tn) S xn}
The n™ order probability density function of random process is

f (x X Xt t t _ anFX(xl’xz ...... Xn» tl, t2 ...... tn)
X 1' pACITRCET b1l v v n e

CH SIVA RAMA KRISHNA Dept. of ECE, LBRCE Page 4



UNIT-111 STOCHASTIC PROCESS-TEMPORAL CHARACTERISTICS

STATIONARY AND STATISTICAL INDEPENDENCE

Random process is generally characterized by two parameters

2 Whether it is Stationary or not
2= \Whether the random variables involved are statistically independent
or not (random process also)

First order Stationary Process

A random process X(t) is said to be first order stationary if its first order density
function does not change with time.

fx(xpst) = fx(xg; 8 +A)
where A is the minute increment or decrement of time

Whenever a random process is first order stationary then its average value or mean
IS constant over time.

E[X(t))] = E[X(t,)]
= E[X(t; + A)]
= constant
E[X(©)] = E[X(t + 4)]

= constant
Second order Stationary Process

A random process X(t) is said to be second order stationary if its second order
density function does not change with time.

fe(xr 22t t5) = f(x x5ty + At + A)

Let E[X(t;) X(t,)] denote the correlation between two random variables
X, and X, taken at time instants t, and t, then

Ry x, (t,t +A) = E[X(t) X(t + A)]

= Ryx(7)
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Where Ryx () is auto correlation function of random process X(t).

If this auto correlation function is constant i.e.; independent on time such a random
process is called second order stationary process.

Wide Sense Stationary Process
A random process is said to be wide sense stationary process if
E[X(t)] = constant
Ryx(t) = E[X(t) X(t + 7)] = independent on time
n'" order Stationary Process

A random process X(t) is said to be n™ order stationary if its n" order density
function does not change with time.

A random process is said to be n" order stationary is also called strict sense
stationary.

TIME AVERAGES:

The random process is also characterized by time average functions along with
statistical averages. Statistical average of a random process is calculated by
considering all sample functions at given time.

Time averages are calculated for any sample function. The time average of a
random process is defined as a

Alm] = limi JT[I] dt

T-w 2T J_;
Here A is used to denote time average in a manner analogous to E for the statistical
average.

The time average of a random process x(t) is given as

_ 1 ("
X =A[x(t)] = lim — f x(t) dt

T-w 2T _T
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Similarly the time average of x(t)x(t+ t) is called as time auto correlation
function and is given by

Ryx (T) = Alx(t) x(t+ T)]

1T
= ’Il"l—l;l;loﬁ f_Tx(t) x(t+71) dt

The time auto correlation function is used to calculate the similarity between two
random variables within a single random process.

The time cross correlation function measures the similarity between two different
random processes.

Ry (1) = Alx(t) y(t + 1)

1 T
= lim — f x(t) y(t+1) dt

-0 2T J_;

ERGODIC THEOREM
This theorem stated that the all time averages x and R, (t) of a random process
are equal to Statistical averages X and Ry

A random process is said to be ergodic if its satisfies ergodic theorem.

E[X()] = Alx(1)]

= X

>

E[X(t) X(t+1)] = Alx(t) y(x + 1)]
Ryx(T) = Ryx (7)
Mean Ergodic Random Process

A random process is said to be mean ergodic (or) ergodic in mean if the time
average of x(t) is equal to statistical average of X(t)

E[X(H)] = Alx(t)]

= X

>
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Auto Correlation Ergodic Random Process

A random process is said to be ergodic in auto correlation if the time auto
correlation function is equal to statistical auto correlation function.

E[X(t) X(t+1)] = A[x(t) x(t + 1)]

Ryx (r) = Roex (7)
Cross Correlation Ergodic Random Process

A random process is said to be ergodic in cross correlation if the time cross
correlation function is equal to statistical cross correlation function.

EX®)Y(t+1)] =A[x() y(t + 1)]
Rxy(7) = mxy ()

It is a measure of similarity between two random variables for a given random
process. It is defined as the expected value of x(t) x(t + 1)

Ryx(t,t +1) = E[X(t) X(t + 7)]
Properties of auto correlation function

1. Ry (7) cannot have an arbitrary shape.
2. The value of auto correlation function at origin i.e; T = 0 is equal to mean
square value of the process (Average Power)
Rxx(0) = X2(t)
Proof:
We know that
Ryx(7) = E[X(t) X(t + 7)]
lett=0
Rxx(0) = E[X(¢t) X(1)]
= E[X*(t)]
Rxx(0) = Xz(t)
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3. The maximum value of auto correlation function occurs at origin

|Rxx(7) | < Rxx(0)

Proof: let X(t) be a wide sense stationary process such thatX(t;) =
X; and X(t,) = X, then select a positive quantity such that

[X(t) £ X(t2)]> =20
Apply expectation on both sides then
E[X(t)) £ X(t,)]* =0
E[X?%(t) + X%(ty)) £ 2 X(t;) X(t,)] =0
E[X?(t)] + E[X?(t2)] £ 2 E[X(t) X(£)] = 0
Lett; =tandt, =t +1=t+T7
E[X?(O]+E[X?*(t+ D]+ 2E[X(®)X(t+1)] =0
As statistical properties does not change with time, then
Ryx(0) + Rxx(0) £ 2 Ryx(r) 2 0
2Ryx(0) £ 2 Ryx(1) 20

|Rxx(t)| < [Rxx(0)]

4. Autocorrelation function is an even function
Ryx(—7) = Ryx(7)
Proof:
We know that

Ryx(7) = E[X(t) X(t + )]

Lett = —71
Ryx(—7) = E[X(t) X(t — 7)]
t—17=1u
t=u+rt

Ryx(—7) = E[X(u + 1) X(u)]
Rxx(—7) = Rxx(7)
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5. When a random process X(t) is periodic with period T then the
Autocorrelation function is also periodic.

Rxx (T +T) = Rxx(7)
We know that
Rxx (1) = E[X() X(t + 7)]
Ryx(t+T) = E[X(t) X(t + T+ T)]
As X(t) is periodic X(t + 7+ T) = X(t + 1)
Ryx(t+T)=E[X(t) X(t +1)]

Rxx(t +T) = Rxx(7)

6. If E[X(t)] = X # 0 and X(t) is Ergodic with no periodic components, then
the auto correlation function is given as

|1|1m Rxx(T) - )?2
T|>00

Proof:
We know that
Ryx(t) = E[X(t) X(t + 1)]

Since the process has no periodic components as |t| — oo, the random variables
becomes independent.

|Tl|i£noo E[X(t) X(t+1)] =E[X@®t) |E[ X(t + 1)]

The given random process is Ergodic, then

dm E[X(6) X(¢ + )] = E[X(@) | E[ X(2)]

|rl|i£noo Ryx(1) = X?
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7. If X(t) is Ergodic, zero mean, and has no periodic components, then the
auto correlation function is given as
|‘L1|i£>noo Ryx(7) =0
Proof: from the above property
|11'|i£>noo Ryx (1) = X?
It is given that zero mean random process.
then |11'|i£>noo Ryx(t) =0
8. Let there be a random process w(t) such that w(t) = X(t) + Y(t). Then the
auto correlation function of sum of random process is equal to
Ryw (1) = Rxx(7) + Rxy(7) + Ryx (1) + Ryy (7)
Proof:
We know that
Rxx(t) = E[X(t) X(t + 7)]
Givenw(t) = X(t) + Y(t)
Ryw(z) = E[W () W(t + 1)]
=E[(X(®)+Y(®) (Xt+1)+Y(t+1)]
=E[(X(®) (X +D)]+E[(Y®) (Yt +D)] +E[(X®) (Yt +D)] + E[(Y©®) (X(t +D)]
Ryw(T) = Rxx(7) + Rxy (T) + Ryx (1) + Ryy ()

CROSS CORRELATION FUNCTION
It is a measure of similarity between two random processes X(t) and Y(t).
Ryy(t,t+7) =E[X({)Y(t+1)]

Consider two random processes X(t) and Y(t) that are at least wide sense
stationary.

Rxy(t) = E[X(®) Y(t + 7)]
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Properties of auto correlation function
1. The cross correlation function is an even function
Rxy (=) = Ryx(7)
Proof:
We know that
Ryy(0) = E[X(©) Y (t + 7)]
Lett =—1
Ryy(—7) = E[X(®) Y(t — 7)]
t—t=u
t=u+rt
Ryy(=D) = E[X(u + 1) Y(u)]
Ryy(=1) = E[Y (WX (u+ 1) |
Rxy (=7) = Ryx(7)

2. The cross correlation function of a random process is always less than or
equal to the geometric mean of individual auto correlation functions.

Rxy(2) < /Rxx(0) Ryy (0)
Proof:
Let X(t) and Y(t) be two random processes such that
[Yt+1)+aX(@®)]?=0
Apply expectation on both sides then
ElY(t+1)taX(®)]?=0
E[Y2(t+1)+a?X?()+2aX(®)Y(t+7)]=0

E[Y?(t + )]+ a?E[X*(t)] £ 2 a E[X(®) Y(t + )] = 0
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Given processes are stationary, hence
a? E[X*(O)] + E[Y*()] £ 2« E[X(®) Y(t+1)] =0
Ryx(0) a® £ 2a Ryy(7) + Ryy(0) 2 0

The above equation of the form ax? + bx + c¢. Hence the roots of the above

) . —b+Vb2—-4ac
equatlon are given as — .

_ F2 Ryy (1) £ /4 RZ4y (1) — 4Ry (0) Ryy (0) ~ 0
- 2Ry (0) -

_ TRy @y Ry (D) — Ryx (0) Ryy (0) _
2RXX (O) B

RZXY(T) — Ryx(0) Ryy(0) =0

R?xy(t) < Rxx(0) Ryy(0)

Rxy (1) < \/RXX (0) Ryy(0)

3. The cross correlation function of a random process is always less than or
equal to the arthematic mean of individual auto correlation functions.

Rxx(0) + Ryy(0)
2

Ryy (1) <
Proof:
We know that
Ryy(1) = E[X(©) Y (t + 7)]

Ryy (1) < \/ Rxx(0) Ryy(0)

The geometric mean of any given series is always less than or equal to arthematic
mean

Rxx(0) + Ryy(0)
2
Rxx(0) + Ryy(0)
2
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4. For two random processes X(t) and Y(t) having non-zero mean and are
statically independent

Ry(®)=XY
Proof:
We know that
Rxy(1) = E[X(®) Y(t + 7)]
As X(t) and Y (t) having non-zero mean and are statically independent
Rxy (1) = E[X(®) ] E[ Y (t + 7)]
as X(t) and Y(t) are WSS then E[Y(t+1)] = E[Y(t)]
Ry (1) = E[X(6) ] E[ Y ()]
Ryy(t) =X Y
COVARIANCE FUNCTION

The Covariance function is a measure of interdependence between two random
variables of the random process X(t).
Auto Covariance function
Cxx(tt+7) = E[{X(0) - E[X@O]} - X +1) - E[X(E+ D]}
Cyx(t,t + 1) = Ryx(t,t + 1) — E[X(O)] E[ X(t + 7)]
Cross-Covariance function
Cxy (6t +7) =E[{X(@) —EX@O} - {Y(+0) - E[Y(t+ D]}
Cyy(t,t +T) =Ryy(t,t +7) —E[X(O)] E[Y(t + 17)]
NOTE:
1. If X(t) is at least wide sense stationary random process then
Cxx (1) = Ryx (1) — (X)?
2. Att=0
Cxx(0) = Rxx(0) — X)? = ox*
3. If X(t) and Y(t) is at least jointly wide sense stationary random process then
Cxy(1) = Ryy (1) = X Y
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DESCRPTIVE QUESTIONS

Explain numerous categories of random processes with examples.

Explain stationarity of random processes.

Interpret about ergodic random processes.

Interpret the significance of time averages and ergodicity.

Choose necessary expressions to verify the properties of Auto correlation

function.

6. Choose relevant expressions to verify the properties of cross correlation
function.

7. Interpret the concepts of covariance with relevance to random processes.

PROBLEMS

1. A random process is described by X(t) = A, where A is a continuous random
variable and is uniformly distributed on (0,1). Show that X(t) is wide sense
stationary.

Ok wnhE

2. Verify the Sine wave process X(t) = B sin ((wot), where B is uniform
random variable on (-1,1) is wide sense stationary or not.

3. A random process is given as X(t) = A Cos(wot + 0), where A and wy are
constants and 6 is uniformly distributed random variable on the interval (0,
2m). Verify whether given random process is wide sense stationary or not.

4. Two random process X(t) & Y(t) are defined as
X(t) = A Cos(mot) + B Sin(wet) and Y (t) = B Cos(woet) — A Sin(mot), where
A, B are uncorrelated, zero mean random variables with same variances and
oo Is constant. Verify whether X(t),Y(t) are Jointly wide sense stationary or
not

5. A random process is defined as X(t) = A Cos(wot), where wo is a constant
and A is a random variable uniformly distributed over (0,1).Estimate the
autocorrelation function.

6. A random process is given as X(t) = A Cos(wot) + B Sin(woet), where A & B
are uncorrelated, zero mean random variables having same variance o *then

appraise whether X(t) is wide sense stationary or not.
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7. A Random Process Y(t) = X(t) — X(t+1) is defined in terms X(t) that is at
least wide sense stationary
(1) Deduce the mean value of Y(t) if E[X(t)] # 0.

(ii) Justify that the variance o, > =2[R,, (0)— Ry, (7)].
(iii) If Y(t) = X(t) + X(t+1), estimate E[Y(t)] and o, °.

8. Two statistically independent zero mean random processes X(t), Y(t) have
auto correlation functions R, (z) =exp(—| z|), Ry, (7) = cos(2z7) respectively.
Evaluate the

(i) Autocorrelation of the Sum Wi (t) = X(t)+Y(t)

(i) Autocorrelation of the Difference W,(t) = X(t)-Y (t)
(iii) Cross correlation of W (t) & Wo(t)

9. Given X=6and R, (t,t+7)=236+25exp(—r)for a random process X(t).
Indicate which of the following statements are true and give the reason.
(i) Is first order stationary?
(i) Has total average power of 61W
(iii) Is wide sense stationary?
(iv) Has a periodic component
(v) Hasan AC power of 36 W

10.Show that X(t) & Y(t) are Jointly WSS, if random processes,
X (t)=ACos(at +6), Y (t)=BCos(w,t + @), where AB, o, & o, are constants,
while @, 0 are Statistically independent uniform random variables on (0,21T).

11.1f X (t)=A Cos(w,t +0) , where A, ap are constants, and 0 is a uniform random

variable on (-wr, ). A new random process is defined by Y(t) = X3(t).
(i) Obtain the Mean and Auto Correlation Function of X(t).
(if) Obtain the Mean and Auto Correlation Function of Y (t).
(iif) Find the Cross Correlation Function of X(t) & Y (t).
(iv) Are X(t) and Y(t) are WSS?
(v) Are X(t) & Y(t) are Jointly WSS.
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1. A random process is described by X(t) = A, where A is a
continuous random variable and is uniformly distributed on
(0,1). Show that X(t) is wide sense stationary.

Sol:
A random process is said to be wide sense stationary process if
mean value E[X(t)] = constant

correlation Ryx(t,t + 1) = E[X(t) X(t + 7)] = independent on time

E[X(6)] = f x(0). fx(x) dx

—0o0

Given A is uniformly distributed random variable in the interval (O, 1).

FIX©] = | x(©) fu(4) dA
Density function of uniformly distributed random variable is

1
= — <X <
fx (%) h—a as<X<bh

1
fa(4) =1-o0" 1

2T

E[X(t)] =J A dA

0
A1
- 7]
0
= E = constant
Ryx(t,t+ 1) =E[X(t) X(t + 17)]

- ij(t) x(t +7) f4(A) dA

CH SIVA RAMA KRISHNA Dept. of ECE, LBRCE Page 17



UNIT-111 STOCHASTIC PROCESS-TEMPORAL CHARACTERISTICS

1
=fAAdA
0

1
=JA2dA
0

1
] = = Independent on time
0

A3
=[_ 2

2

Hence given RP is WSS.

2. A random process is given as X(t) = A Cos(wot + 6), where A and
oo are constants and 6 is uniformly distributed random
variable on the interval (0, 2z). Verify whether given random
process is wide sense stationary or not.

Sol:
A random process is said to be wide sense stationary process if
E[X(t)] = constant

Ryx(t) = E[X(t) X(t + 7)] = independent on time

E[X(D)] = j x(0). fx (x) dx

—0o0

E[X(6)] = j x(6) fo(6) do

—o0

Given 0 is uniformly distributed random variable on the interval (0, 2n).

fX(x)zbia a<X<bh
1
f9(9)=2n_0=ﬂ
21 1
E[X(t)] = f A cos(wyt + 6) o= do
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_ 4 sin(wyt + 0) 2n
B 21 0

A
= o [ sin(wyt + 2m) — sin(wyt + 0)]
A :
- E[Sm(wot) — sin(wpt)] =0

= constant

Rxx (1) = E[X(t) X(t + 7)]

= foox(t) x(t+ 1) fo(6) db

1 21

= o (A cos(wot +0) Acos(wy(t+71)+6)) db
0

2m

= o (A cos(wyt +8) Acos(wyt +0 +wyt)) dO
0

2 cosA cosB = cos(A+B) + cos(A—B)
AZ 21

= I (cos(2wyt + 20 + 1) + cos(wyt) ) dO
0

_ AZ 2T 21
- EUO ( cos(2wot + 260 +1) )d9+f0 ( cos(woT) )d@]

AZ
= - [ 2wy sin(2wyt + 20 + 1) 18" + cos(wot) 0137 ]
AZ
= - cos(woT) 2m
A2
== cos(wy7) Independent on time

Hence given RP is WSS.
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3. Verify the Sine wave process X(t) = B sin ((wot), where B is uniform

random variable on (-1,1) is wide sense stationary or not.
Sol:

A random variable is said to be wide sense stationary process if
E[x(t)] = constant
Ryx (1) = E[x(t)x(t + 7)] = independent on time

E[x(D)] = f x(0) £ () dx

—0

E[x(t)x(t,t +1)] = ij(t)x(t + 1) f,, (x)dx

B is a uniform random variable on (-1,1) with the density function

1
fs(B) -
1 1
fs(B) = -0 2

1 1
E[x(t)] =j (Bsinwot)EdB

B sinwotle B
-1

2

_sinw,t [B*] 1
2 2 |-1

Sinwyt

£
2 > 2— = Lonstan

Ryx(t,t + 1) = E[x(t)x(t + 7)]

= fl (Bsin(wot))(Bsin(wy(t + 1)) % dB
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_ (sin(wo)) (sin(w(t + 1)) [ "B24p
_ . B

cos(A — B) —cos(A + B)
2

SinAsinB =

_ (cos(wgT) — cos(Qwot — woT)) [B?] 1
N 4 [?] -1

_ (cos(wyT) — cos(Rwot — wyT)) [1 B (—1)}
3

4 3

_ (cos(wgT) — cos(Qwot — woT)) [2
N 4 [5]

_ (cos(wgT) — cos(2wgt — wT))
B 6

= Ryx(t,t + 7) = dependent of time(t)
Hence the given random process is not wide sense stationary

4. A random process Y(t) = X(t) — X(t + ) is defined in terms of X(t)
that is at least wide sense stationary.

(i) Deduce the mean value of Y(t) if E[X(t)] # 0

(ii) Justify that the variance oy? = 2[Ryxx(0) — Ryx ()]

(iii) If Y(t) = X(¢t) — X(t + 1), estimate E[Y (t)] and oy 2
Sol: Given,

Y&)=X(@t) - X(t+T71)
Given X (t) is wide sense stationary and E[X(t)] # 0
(i) Mean of Y(t):
E[Y(®)] = E[X() — X(t +7)]

= E[X(O)] - E[X(t +1)]
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= E[X()] — E[X(O][+ X(£) is WSS ]
« E[Y(®)] =0
(ii) Variance of Y (¢):
oy’ = E[Y?(0)] — (E[Y(©)D?
= E|(x(t) - X(t + 1)°| - 0[+ E[v(©)] = 0]

=E[X?(t) + X?(t +1) = 2X(O)X(t + 7)]
=E[X?’(D)] +E[X?(t+1)] - 2E[X()X(t + 17)]
= E[X?%(t)] + E[X?(t)] — 2Ryx (D) [ X(t) is WSS ]
= Rxx(0) + Ryx(0) — 2Rxx (T)['-' Rxx(0) = Xz(t)]
= 2Rxx(0) — 2Rxx (1)

s 0y? = 2[Rxx(0) — Ryx(1)]

(iii) Given,
Y(t) =X(t)+ X(t+ 1)
Now,

E[lY(t)] = E[X(t) + X(t + 7)]
=E[X(t)]+ E[X(t+ 1)]
=E[X®)]+ E[X@®)][+ X(t) is WSS ]
=2 E[X(0)]
~E[Y(t)] =2E[X(t)]

Now,
oy’ = E[Y?(t)] — (E[Y()])?
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= E|(X(t) - X(t + D)°| - @ EX(®D?[+ E[¥ ()] = 2 E[X(®)]]
= E[X2(0) + X2(t + ©) + 2X(O)X(t + 1)] — 4(E[X(D)])?
= E[X2(t)] + E[X2(t + ©)] + 2E[X ()X (t + 7)] — 4(E[X(t)])?

= E[X2(t)] + E[X2()] + 2Ryx(z) — 4(E[X(O)])?[ X(t) is WSS ]
= Ryx(0) + Ryxx(0) + 2Ryx (v) — 4(E[X()])?[* Ryx(0) = X2(1)]

= 2Ry (0) + 2Ry x (1) — 4X2

= 2[Ryx(0) + Ryx (1) — 2X7]

s 0y? = 2[Ryx (0) + Ryx (1) — 2X2]

5. A random process is given as X(t) = A Cos(wot) + B Sin(wot), where A & B
are uncorrelated, zero mean random variables having same variance o *then

appraise whether X(t) is wide sense stationary or not.
Sol:

Given,
X(t) = Acos(wyt) + B sin(wyt)
If A& B are uncorrelated
E(AB) = E(A) E(B)
But,
E(A)=EMB)=0
E(AB) =0
Now,

a; = E[A*] — (E[AD)?
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= E[A?]

of = E[B?*] — (E[B])?
= E[B?]

- E[A%] = 62 and E[B?] = o?

A random process is said to be wide sense stationary process if

E[X(t)] = constant

Ryx (t,t+ 1) = E[X(t) X(t + 1) = independent of time

Now,

E[X(t)] = E[A cos(wyt) + B Sin(wyt)]

= E[A] Cos(wgt) + E[B] Sin(wyt)

=0 (Since E[A] = E[B] = 0)

Ryx(t,t+ 1) = E[X()X(t + 17)]
= E[ (Acos(wyt) + B sin(wyt)) (Acos(wyt + wyT) + B sin(wyt + w(T))]

E[ (A? cos(wyt) cos(wot + woT) + AB cos(wyt)
+ AB sin(wgt) cos(wyt + wot) + B? sin(wyt) sin(wyt + wot)]
E[A?] cos(wyt) cos(wot + wyT) + E[AB] cos(wyt) sin(wyt + woT)

+ E[AB]sin(wgyt) cos(wyt + woT) + E[B?] sin(wyt) sin(wyt + w,T)

a2 cos(wyt) cos(wot + wyT) + 0+ 0 + 02 sin(wyt) sin(wgt + wyT)

(Since E[A%] = E[B?] = ¢? E[AB] = 0)

02 [ cos(wot) cos(wyt + woT) + sin(wgt) sin(wyt + wyT)]
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[Since CosA CosB + SinA SinB = Cos(A — B)]
=02 cos[wgt — (wot + woT)]
= 02 cos(wyT)
= Ryx(7)
Independent of time
Hence given Random proces is Wide Sense Stationary
6. Two random processes X(t)& Y (t) are defined as

X(t) =ACos(wyt) + BSin(wet) and  Y(t) = B Cos(wyt) — A Sin(wyt),
where A,B are uncorrelated, zero mean random variables with same
variances and w, is constant. Verify whetherX (t), Y (t) are Jointly wide sense

stationary or not.

Sol:Given,
X(t) = A cos(wyt) + B sin(wyt)
Y(t) = B cos(wyt) — A sin(wyt)

Conditions to be satisfied to be Jointly WSS:

Mean of X(t): X(t) = constant
Mean of Y(1):Y(t) = constant
Auto Correlation of X(t)&Y (t): Ryyand Ryyshould be independent on time

Cross Correlation of X(t) & Y(t):Rxyor Ryyshould be independent on time

Given that,
E[A] = E[B] = 0 and A, B are uncorrelated.

- E[AB] = E[A]E[B] = 0
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Now, ag,% = E[A?] — (E[A])?

= E[42] -0

[+ Given A and B have same variance]

To verify Jointly WSS or not:

Calculation of Mean:
E[X(t)] = E[A cos(wyt) + B sin(wyt)]
= E[A]cos(wyt) + E[B]sin(w,t)[~ E[A] = E[B] =0]
~ X(t) = 0 = constant
E[Y(t)] = E[B cos(wyt) — A sin(wgt)]
= E[B]cos(wyt) — E[A]sin(wot)[~ E[A] = E[B] = 0]
. Y(t) = 0 = constant
Calculation of Auto Correlation Functions:
Ryx(t, t+ 1) =E[X(t)X(t + 1)]

= E[(A cos(wyt) + B Sin(a)ot))(A cos(wot + woT) + B sin(wyt + a)OT))]
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= E[A? cos(wyt)cos(wot + woT) + AB cos(wyt)sin(wgyt + w,T)

+ AB sin(wyt)cos(wot + woT) + B? sin(wyt)sin(wot + wot)]

= E[A%]cos(wot)cos(wot + woyT) + E[AB]cos(wot)sin(wot + woT)
+ E[AB]sin(wgt)cos(wot + wy7) + E[B%]sin(wyt)sin(wyt + woT)

= g2cos(wyt)cos(wot + weT) + 0 + 0 + o2sin(wot)sin(wot + wyT)
= 02[cos(wot — (wot + wyT))|[+ Cos(A — B) = CosACosB + SinASinB]
= 02 cos(wyT)
.~ Rxx(t,t + T) = Rxx(t) = Independent on time
Ryy(t,t+ 1) =E[Y()Y(t + 7)]
= E[(B cos(wot) — A sin(wyt))(B cos(wot + woT) — A sin(wgt + wo1))]

= E[B? cos(wyt)cos(wyt + wyT) — AB cos(wyt)sin(wot + wyT)

— AB sin(wyt)cos(wot + woT) + A% sin(wgt)sin(wot + woT)]

= E[B?]cos(wyt)cos(wot + wyT) — E[AB]cos(wyt)sin(wot + wyT)
— E[AB]sin(wyt)cos(wot + wot) + E[A?]sin(wyt)sin(wyt + wyT)

= 0%cos(wyt)cos(wot + wyr) — 0 — 0 + o2sin(wyt)sin(wyt + wyT)
= 02[cos(wot — (wot + woT))][* Cos(A — B) = CosACosB + SinASinB]
= 02 cos(w,T)
~ Ryy(t, t + T) = Ryy(t) = Independent on time
Calculation of Cross Correlation Function:
Ryy(t,t+7) =E[X{®)Y(t + 1)]

= E[(A cos(wyt) + B sin(a)ot))(B cos(wot + weT) — A sin(wyt + wor))]
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= E[AB cos(wyt)cos(wyt + weT) — A% cos(wyt)sin(wyt + woT)

+ B?sin(wyt)cos(wot + wyt) — AB sin(wyt)sin(wyt + woT)]

= E[AB]cos(wyt)cos(wot + wyT) — E[A%]cos(wot)sin(wyt + woT)
+ E[B?]sin(wyt)cos(wot + wyt) — E[AB]sin(wyt)sin(wyt + woT)

=0 — g2cos(wyt)sin(wyt + wyT) + o2sin(wyt)cos(wot + wer) — 0
= 2[sin(wot — (wot + woD))][+* Sin(A — B) = SinACosB + CosASinB]
= 0?[sin(—wy1)]
= —o2sin(w,y7)

%~ Rxy(t,t + T) = Ryy(t) = Independent on time

Hence, X (t)andY (t) are Jointly wide sense stationary.

7. A random process is defined as X(t) = A Cos(wyt), where w, is a
constant and A is a random variable uniformly distributed over (0,1).

Estimate the autocorrelation function.
Sol: Given,

X(t) = A cos(wyt), Where w, is a constant.

Auto Correlation Function: Ryx(t,t + 1) = E[X(t)X(t + 17)]
Now, EX®OX(t+D] = [ x(®).x(t +7)fx(x) dx

Given A is a uniformly distributed random variable in the interval (0,1).

(0]

EX(®)X(t+1)] = f x(t).x(t+1)f4(A)dA

— 00

Density function of a uniformly distributed random variable is
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1
= sa<X<
fX(x) b_a;a—X—b

1
fa(4) =1-o0" 1

=>E[X®)X(t+1)] = JA cos(wyt)A cos(wot + woT) (1)dA

0
1

= cos(wyt)cos(wyt + wyT) f A%dA
0

1 43"
=3 (cos(Zwot + woT) + cos(wor)) [?]
0
[+ 2CosACosB = Cos(A + B) + Cos(A — B)]

1 1
=5 (cosQwyt + wyT) + cos(woT)) [5]
~EX@OX(t+1)] = %(cos(Zth + w,T) + cos(woT))

1
~Ryx(t,t+1) = 3 (cos(Zth + woT) + cos(wot)) = Dependent on time

8. Two statistically independent zero mean random processes X (t), Y(t)
have autocorrelation functions Ryy (t) = exp(—|t|), Ryy(r) = cos(27mT)
respectively. Evaluate the

(i) Autocorrelation of the SumW, (t) = X(t) + Y (¢t)
(ii) Autocorrelation of the Difference W, (t) = X(t) — Y (t)
(iii) Crosscorrelation of W, (t) and W, (t)

Sol: Given,

E[X(t)] =0and E[Y(t)] =0
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Rxx(7) = E[X(©)X(t + 1)] = exp(—|z])
Ryy (1) = E[Y()Y(t + T)] = cos(2m7)
Now, cross correlation of X(t) and Y (t) is
Rxy (1) = E[X(O)Y (t + 7)]
= E[X(®)]E[Y(t + D)][~ X(t) and Y(t) are statistically independent ]
= (O (E[Y(E+1)D
o Ryy(7) = 0&Ryy (1) = 0
(i)  Auto correlation of W, (t):
Given, W;(t) =X(t) +Y(t)
Now, Ry, w, (t,t + 1) = E[W, ()W, (t + 7)]
=E[(X@©O+Y®))Xt+D)+Y(t+1D)]
=E[X(O)Xt+D)+X@OYt+)+YO)XEt+1)+YR)Y(t+ 1)]
=E[X()X(t+ D] +EX@O)Y(t+D]+E[YO)X(t+ 1] +E[Y@)Y(t+1)]
= Ryx (1) + Rxy (1) + Ryx(7) + Ryy (1)
= exp(—|t]) + 0 + 0 + cos(2nT)
- Ry,w,(t,t + 1) = exp(—|t|) + cos(2mr)
(ii)Auto correlation of W, (t):
Given, W,(t) = X(t) — Y (t)
Now,

Ry,w, (&, t + 1) = E[W,(6)W, (¢t + 7)]
=E[X®-Y®))Xt+1)-Y(+1)]
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=EX®Xt+1)-X@®)Yt+1)-Y®OXt+1)+Y)Y(t+ 1)]
=EX@®)X({t+1)]-E[X@®)Y(t+1)]-E[Y(O)X(t+1)]+E[Y()Y(t + 1)]
= Rxx(7) — Rxy (1) = Ryx(7) + Ryy(7)
= exp(—|z]) — 0 — 0 + cos(2m7)

“ Rww,(t,t +7) = exp(—|t) + cos(2mr)

(iii)Cross correlation of W, (t) and W, (t):

Ry, w, (t,t + 1) = E[W,(£)W,(t + 7)]

= E[(X®+Y®))Xt+1)-Y(+1)]

= E[X(OXt+1)—X®O)Yt+1)+Y®)X(t+71)-Y@)Y(t+1)]
= EX®)Xt+ 1] -EX@®)Y(t+D]+E[Y®O)X({t+1T)]—-E[Y®)Y(t+1)]
= Ryx (1) = Rxy(7) + Ryx (1) — Ryy(7)
= exp(—|z]) = 0 + 0 — cos(2m7)
“ Rw,w,(t,t + 1) = exp(—|t]) — cos(2mr)

9. Given X =6 and Ryy(t,t+7)=36+25exp(—1) for a random
process X(t). Indicate which of the following statements are true and
give the reason.

(i) Isfirst order stationary?

(ii) Has total average power of 61W
(iii) Is wide sense stationary?

(iv) Has a periodic component

(v) Hasan AC power of 36 W

Sol: Given,

X = 6 = constant
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(i) First order stationary:

It is first order stationary because the mean value [X = 6] is constant.
Hence, the given statement is true.

(i1) Total Average Power:

The average power is the mean square value of the processX(t).
Average Power:  E[X%(t)] = X2(t) = Ryx(0)

Given,
Ryx(t, t + 1) = 36425 exp(—1)

= Ryx(t) = 36425 exp(—1)
Now,

Ryx(0) = 36+25 exp(—0) = 36 + 25(1) = 61
=~ Average Power = 61W
Hence, the given statement is true.

(iii) Wide Sense Stationary:

Here,
Mean: X = 6 = constant

Auto Correlation: Ry (t,t + 1) = 36+25 exp(—7) =
Independent on time

~ X (t) is wide sense stationary random process.
Hence, the given statement is true.

(iv) Periodic component:

If the given RP X (t) has no periodic components then, it satisfies the
condition
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Illim Rxx(7) = ()_()2
T|—>00

Now,
Th_)noqo Ryx (1) = Tli_)n;[36 + 25 exp(—1)]
= 36 + 25 exp(—)
= 36 + 25(0)
= 36
= 62
ggo'g Ryx(t) = (X)?
Hence, the given RP X (t) has no periodic components.

(v) AC Power:

The value of AC Power is given by the variance of the RP X (t).
AC Power: 6%y = E[X*(8)] — (E[X(D])?

= sz(t) = Rxx(0) — (X)?

=61 — 62
=61-36
oo O-ZX(t) = 25

~ AC Power = 25W

Hence, the given statement is not true.
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Show that X (t)&Y (t) are Jointly WSS, if random processes, X(t) =
A Cos(w,t + 0),

Y(t) = B Cos(w,t + @), where A, B, w; &w, are constants, while @, 6 are
statistically

independent uniform random variables on (0,21).
Sol:  Given,
X(t) = Acos(w,t + 0)
Y(t) = B cos(w,t + ®)
Conditions to be satisfied to be Jointly WSS:

Mean of X(t): X(t) = constant
Mean of Y (t):Y(t) = constant

Auto Correlation of X(t) &Y (t): Ryyand Ryyshould be independent on time

Cross Correlation of X(t) & Y(t):Rxyor Ryyshould be independent on time

Mean ofX (t):

oo}

E[X(®)] = j x(6) fir () dx

— 00

Given, 0 is a uniformly distributed random variable on the interval (0,2m).

(0]

E[X(0)] = f x(t) fo(6) d6

— 00

Density function of a uniformly distributed random variable is

fx(x) =

;a<X<b
b—a @

fo®) = 5= 22
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21
= E[X(t)] = f Acos(w t + 0) fo(6)do
0

2T

= AJ cos(w,t + 6) (%) do

0

[sin(wlt + 9)rn
=A
21 0

A
= [sin(2m + w4t) — sin(w,t)]

= —|[sin(w,t) — sin(w,t)]

21
_A4 [0]
21
~ E[X(t)] = 0 = constant
Auto Correlation ofX (t):

Ryx(t,t + 1) = E[X(®)X(t + 7)]

(ee)

= f x(t) x(t +17)fx(x)dx

—00

2m
j A cos(w it + 0)A cos(wt + wT+6)fe(6)do
0

2T

1
= A? f cos(w,t + 8)cos(wit + w,T + 6) (E) de
0

2m
AZ
=1 [cos(2w,t + w,T + 20) + cos(w,T)] db
0
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[+ 2CosACosB = Cos(A + B) + Cos(A — B)]

2T

AZ
T an

sin(2w,t + w,T + 20)
2

+ cos(w4T) [9]]
0

A [sin(Zn + 2wt + wyT)

sin(2w{t + w41
= — + 2ncos(w,T) — (Zoy 1) +0
41T 2

2

A? [sin(Qw,t + w,T) sin(2w;t + w,T)
=1 > + 2mcos(w,T) — 2

2
yp= [2mcos(w4T)]
2

A
~ Ryx(t,t+1) = 7( cos(w47)) = Independent on time

Mean of Y(t):

(0]

E[Y(®)] = j y(©) fy &) dy

— 00

Given, @ is a uniformly distributed random variable on the interval (0,2m).

(0.0)

E[Y(®)] = j Y(©) fo () db

— 00

Density function of a uniformly distributed random variable is

1
— . <Y <
o) — 1
fo( )_27t—0_27t
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= E[Y(t)] = f B cos(w,t + @) fp (@) dP
0

2T

=B f cos(w,t + @) (%) do

0

[sin(a)zt + qﬁ)rn
=B
21

0

B
= [sin(21 + w,t) — sin(w,t)]

= —[sin(w,t) — sin(w,t)]
21

B
=5 [0]
~ E[Y(t)] = 0 = constant
Auto Correlation of Y (¢t):
Ryy(t, t+ 1) =E[Y()Y(t + 7)]
- [ yoye+ Ry

— 00

2T
= j B cos(w,t + @)B cos(w,t + w,T + D) fp (D) dP
0

21
1
= B? f cos(w,t + ®)cos(w,t + w,T + D) (%) do
0

2m

BZ

= Ej [cosRQw,t + w,T + 2@D) + cos(w,T)] dP
0
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[+ 2CosACosB = Cos(A + B) + Cos(A — B)]
2T

BZ
= + cos(w,T)[P]

T 4n

sin(Rw,t + w,T + 2P)
2

_ B?[sin(2m + 2wyt + w,T)

+ 2mcos(w,T)

T 4m 2
Sin(2w,t + w,T
) ( et +030) O)}
2

_ B?[sin(Qw,t + w,T) o (0,7) sin(Qw,t + w,T)
= > mcos(w,T 5

2

=i [2mcos(w,T)]

BZ
~ Ryy(t,t+1) = 7( cos(wzt)) = Independent on time

Cross Correlation ofX (t)andY (t):
Ryy(t,t +1) = E[X(O)Y(t + 7)]
Given 8 and @ are statistically independent random variables then,

the random processes X (t) and Y (t) also would be statistically
independent.

= Ryy(t,t+1) = E[X(O] E[Y(t + 1)]
=) E[YE+D][~ E[X(®)] =0]
o~ Ryy(t, t + ) = 0 = Independent on time

Hence, X(t) and Y (t) are Jointly wide sense stationary.
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10.1f X(t) = A Cos(wyt + ), where A, w, are constants and 8 is a uniform
random variable on (—m, ). A new random process is defined by Y (t) =
X2(b).

(i) Obtain the Mean and Auto Correlation Function of X (t).
(i) Obtain the Mean and Auto Correlation Function of Y (¢t).
(iii) Find the Cross Correlation Function of X(t) and Y (t).
(iv)Are X(t) and Y (t) are WSS ?

(v)Are X(t) and Y (t) are Jointly WSS ?

Sol: Given,
X(t) = A cos(wyt + 6), where A, w, are constants.

(i) Mean ofX (¢t):

(0]

E[X(0)] = j x(6) fir(x) dx

— 00

Given, @ is a uniformly distributed random variable on the interval (—m, ).

(0.0)

E[X(0)] = j x(6) f(8) d6

— 00

Density function of a uniformly distributed random variable is

fX(x)=b_a;aSXSb
. 1
fo( )_—n—(—n)_ﬂ

T

= E[X(t)] = jA cos(wot +0)fy(0)dO

-1
A

=A j cos(wyt + 60) (%) do

—TT
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[sin(wot + 0)]”
= A
21 .

= [sin(m + wot) — sin(—m + wyt)]

A
= [—sinwyt + sinw,t]

~ E[X(t)] = 0 = constant
Auto Correlation Function ofX (t):

Ryy(t,t+ 1) =E[X(t)X(t + 1)]

0

= f x(t)x(t + T)fx (X) dx

0

_ j x(O)x(t +7)f, (6) db

— 00

T
= jA cos(wot + 0) A cos(wot + weT + 60) (%) do
-1
A2
=1 j[cos(Zth + woT + 20) + cos(wyT)] db

-1

[+ 2CosACosB = Cos(A + B) + Cos(A — B)]

T
A% |sin(Rwyt + woT + 26
=1 (20, > 0 ) + cos(wor)[e]]

—TT

A? |sin(2m + 2wt + wyT) sin(—2m + 2wyt + wyT)

=— + mcos(wyT) — — 1wcos(wyT)
4 2 2
AZ

sin(2wot + wT) sin(2wot + w,T)
+ mcos(wyT) — — mcos(wyT)

T 4 2 2
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UNIT-111 STOCHASTIC PROCESS-TEMPORAL CHARACTERISTICS

AZ
= [mcos(woT) + mcos(w,T)]

2
=1 [2mcos(w,T)]

=~ Ryx(t,t + 1) = Ryx(7) = ;cos(wor) = Independent on time
=~ The random process X (t) is Wide Sense Stationary.
(it) Mean ofY (¢t):
Given,
Y(t) = X?(t)
= E[Y(0)] = E[X*(0)]
= Ryx (0)[+ Ryx(0) = X2(1)]

AZ
=5 cos(wo (0))

Az
—_(])
2

A
~ E[Y(t)] = - = constant

Auto Correlation Function ofY (t):

Ryy(t,t+ 1) =E[Y()Y(t + 7)]

(ee)

. j YOy +Dfy () dy

— 00
(o]

- j x2(O)x2(t + 1) f,(0) dO

— 00
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T
2 02 2 02 1
= [ [A%cos?*(wot + 0)A“cos*(wot + wyT + 0)] E) do
—TT

T
At 14+ cos(Ruwyt + 260)\ (1 + cosRuwyt + 2w, T + 26)
T 2n 2 2 a6

s

A At At
= — j 1d6 +— f cosRuwyt + 26)dO + — f cosRwyt + 2w, + 20)d6
8m 8m 8m

-1 —1T

—TT

T
A4-
+§ j cosRwyt + 20)cos(Rwyt + 2wyt + 26)d6
-7

N A* [sinQRwyt + 20)
8 2

1612,

oAt [sin(Zwot + 2w,7 + 20)]"
T 2

8n
-1

—TT

A4-
+E [cos(4dwot + 2wT + 40) + cos(2w,T)] db

-7

At At
=—|[r — (—1m)] + — [sin(27m + 2wyt) — sin(—27 + 2w,t)] +
8r lé6m

4

Torm [sin(2T + 2wot + 2w,T) — Sin(—21 + 2wot + 2wy T)] +

At "sin(4w0t + 2w,T + 40)]"

T
— 2 + cos(2w,T) [9]_n]

—TT

A4- A4- 4
=g [2m] + Ton [sin(Rwyt) — sin(Rwyt)] + Tom [sin(Rwot + 2w,T) — sin(Rwgt + 2w, T) ]
A4-
l6m

sin(41 + 4wot + 2wy T) — sin(—4m + 4wyt + 2w, T)
4

+ cosRQuwyt) [T — (—n)]]
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UNIT-111 STOCHASTIC PROCESS-TEMPORAL CHARACTERISTICS

A A4 A*
=7 T 16 [0+ 76z O]

A* [sin(4wot + 2woT) — sin(4wyt + 2woT)

+ T 2 + cos(2wy1)[21]
A* A*
=7 +0+0+ E[O + 21 cos(2w,T)]
A4 A4—
=T tg (cos(2wyT))
4
=g [2 + cos(RwyT)]

4
~“Ryy(t,t+T) = Ryy(7) = ry [2 + cos(2wyT)] = Independent on time

=~ The new random process Y (t) is also Wide Sense Stationary.
(iii) Cross Correlation Function ofX (t)andY (t):

Ryy(t,t +7) = E[X(@)Y(t + 1)]

e}

= [ @yt + D70(0) do

— 00

s
1
= j[A cos(wot + 0)A%*cos?(wot + woT + 6)] (%) do
-7

Y
A3 1+ cosQRwyt + 2wyt + 26)
= f(cos(wot +0)) < 5 do
-7

Y
A3
= an j[COS(wot + 0) + cos(wot + 0)cos(2wyt + 2w,T + 260)] dO

—TT
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T
1
=— f [cos(wot +0) + 2 (cos(3wot + 2woT + 30) + cos(wot + 2w, + 0))] de

[+ 2CosACosB = Cos(A + B) + Cos(A — B)]

A3 sm(wot + 01" 3 [sin(Bwgt + 2w, + 30)]" 3 [sin(wot + 2woT + 0)]"
T 4n 871 3 81r 1
3
=1 [sin(m + wot) — sin(—m + wyt)]
3
24 —[sin(3m + 3wyt + 2wy T) — sin(—31 + 3wyt + 2w, T)]
A3
+§ [sin(m + wot + 2wT) — sin(—7 + wot + 2w, T)]
A3 A3
=1 [—sinwyt + sinwyt] + A —— [—sin(Bwot + 2wy T) + sin(3wyt + 2w, T)]
A3
+§ [—sin(wot + 2woT) + sin(wyt + 2w, T)]
A3 A3 A3
=—|[0] + —[0] +—]0
47‘[[ ] 247'[[ ] 87'[[ |
=0

~“ Ryy(t,t + 1) = 0 = Independent on time
(iv) Yes, X(t)andY (t)are Wide Sense Stationary.

(v) Yes, X(t) and Y(t) are Jointly wide sense stationary.
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